Abstract. We consider families of finite elements on polygonal meshes, that are defined implicitly on each mesh cell as solutions of local Poisson problems with polynomial data. Functions in the local space on each mesh cell are evaluated via Nyström discretizations of associated integral equations, allowing for curvilinear polygons and non-polynomial boundary data. Several experiments demonstrate the approximation quality of interpolated functions in these spaces.
Introduction
During the past several years there has been increasing interest in developing flexible finite element discretization schemes for use on polygonal and polyhedral meshes. Some of the appeal of such meshes is due to the fact that refinement and coarsening, which are essential components of high-performance computing, are much simpler when one is not restricted to a small class of element shapes (e.g. triangles, quadrilaterals, tetrahedra, etc.) and does not have to deal with "hanging nodes"-allowing two edges of a polygon to meet at a straight angle removes notion of hanging nodes altogether. Virtual Element Methods (VEM) (cf. [1] [2] [3] [4] [5] [6] [7] [8] 13, 23] ), which have drawn inspiration from mimetic finite difference schemes, constitute one active line of research in this direction. Another involves Boundary Element-Based Finite Element Methods (BEM-FEM) (cf. [16, 28-30, 45, 46, 53-55] ), which have looked more toward the older Trefftz methods for motivation. For simple diffusion problems BEM-FEM is related to VEM in the sense that, in most their basic forms (cf. [5, 16] ), both approaches arrive at the same local and global finite element spaces in their derivations, whose functions are described implicitly by local Poisson problems. An important practical difference between VEM and BEM-FEM is how these implicit spaces are used in the formation of stiffness (and mass) matrices, and these naturally lead to differences in the theoretical development as well. A third line of research involves the development of generalized barycentric coordinates (cf. [21, 24, 25, 36, 44] and the references in [22] ), in which explicit bases are constructed that mimic certain key properties of standard barycentric coordinates. These three approaches typically yield globally-conforming discretizations, but there has also been significant recent activity in the development of various non-conforming methods for polyhedral meshes. We mention Compatible Discrete Operator (CDO), Hybrid High-Order (HHO) schemes (cf. [10] [11] [12] [17] [18] [19] ), Weak Galerkin (WG) schemes (cf. [39] [40] [41] [49] [50] [51] [52] ) and discontinuous Galerkin (hp-DG) schemes (cf. [14, 15] ) in this regard.
The present work is most closely related to the BEM-FEM approach for second-order, linear, elliptic boundary value problems posed on polygonal domains Ω ⊂ R 2 : Find u ∈ H
where H is some appropriate subspace of H 1 (Ω) incorporating homogeneous Dirichlet boundary conditions, and standard assumptions on the data A, c, f ensure that the problem is coercive, and thus well-posed. Starting from the same implicitly-described local spaces, we use Nyström discretizations of associated secondkind integral equations in our evaluation of basis functions and their derivatives in the formation of our finite element linear systems. In contrast, BEM-FEM employs first-kind integral equations discretized via boundary element methods for the same purpose. We believe that the Nyström approach offers several advantages over its boundary element counterpart in this context, including greater ease in setting up and solving the integral equations for higher-order discretizations, better resolution of singular behavior in the local spaces, and the flexibility to truly allow for elements with curved edges without modification of the core computational kernels. The focus of this paper is on polygonal meshes, but we do provide some empirical insight into the behavior of interpolation in these spaces on curved elements as well. We finally mention the contribution [32] , which also employs both finite element and Nyström methods for acoustic scattering problems, but in a very different way than that proposed here. In that work, finite elements are used within the scatterer, and are coupled with a Nyström approach that is employed outside the scatterer.
The paper is organized as follows: In Section 2, we introduce the local and global discrete approximation spaces, and indicate how functions in the local space on a mesh cell K can be expressed implicitly in terms of solutions of integral equations posed on ∂K. The solution of such integral equations via Nyström approximations is the topic Section 3. An interpolation operator is described in Section 4, and numerical experiments demonstrate the interpolation properties on different types of polygonal meshes. Finally, in Section 5, we discuss the treatment of Dirchlet boundary conditions, allowing for elements having curved edges along the boundary. In this section, we also suggest how one might allow for elements with curved edges more generally.
"Poisson Spaces" and Associated Integral Equations
Let Ω ⊂ R 2 be a polygon. For a polygonal partition T = {K} of Ω with vertices V = {z} and edges E = {e}, we use V(K) and E(K) to denote, respectively, the vertices and edges of the polygon K. Throughout, we use P j (S) to denote the polynomials of total degree at most j on S, where S is typically a polygon or a straight line segment, and we use the convention that P j (S) = {0} when j < 0. We use P j (∂K) to denote the continuous functions on ∂K which, when restricted to an edge e ⊂ ∂K, are in P j (e). We also briefly consider the space Q j (S) of polynomials of degree at most j in each variable. We allow degenerate polygons, i.e. those having a vertex (or more) whose two adjacent edges form a straight angle, though we do not allow two edges to meet at a zero angle (polygon with slit). Allowing degenerate polygons eliminates the possibility of "hanging nodes" in a polygonal partition of Ω. A degenerate octagon, congruent to an L-shaped hexagon, is shown in Figure 1 . Definition 2.1 (Shape-Regularity). A family of polygonal partitions F = {T } is called shape-regular when there are constants c, σ > 0 such that, for every T ∈ F and every K ∈ T :
(a) h K ≤ ch e for all e ∈ E(K), where h K = diam(K) and h e = |e| is the length of the edge e.
(b) K is star-shaped with respect to a circle of (maximal) radius ρ K , and h K ≤ σρ K . Selecting such a circle of maximal radius, we may choose to denote its center by z K . Definition 2.2 (Local Poisson Space). Given a polygon K with N edges/vertices, and an index m ∈ N, we define the local space V m (K) by
where
into vertex, edge and interior functions corresponds naturally with the unisolvent set of degrees of freedom for V m (K), Figure 1 . A "degenerate" octagon K, and contour plots of five of the eight basis functions for V 1 (K).
One might replace the moment-based edge degrees of freedom by evaluations at m − 1 distinct interior points on each edge, as suggested, for example, in [5] . 
For example, if the diffusion coefficient A in (1) is scalar and piecewise constant on T , the alternate forms of H 1 -inner-product above are typically employed in practice for the formation of the finite element stiffness matrix. We will also see in Section 4 how these integrals aid in the understanding of interpolation in V m (K).
Remark 2.4 (Comparisons with
and we already noted that V m (K) ⊃ P m (K). In the case of triangles (N = 3), one immediately deduces that
for general quadrilaterals, though they are the same for rectangles aligning with the cardinal axes. For generic m and N , neither of these two spaces is contained in the other, and Q m (K) typically has larger dimension.
Remark 2.5 (Singular Functions in V m (K)). The typical singular behavior of functions in V m (K) near the corners of K is well-understood (cf. [26, 27, 56, 57] ). Since V m (K) is finite dimensional, any basis we choose for this space must possess such singularities in some of its components. For example, if we consider V m (K) for the degenerate octagon in Figure 1 , and let r = r(x) denote the distance from x to the set of vertices, then the typical leading-singularity behavior of functions in this space is r 2 ln r near each of the five vertices at π/2 internal angles, and r 2/3 near the vertex at the 3π/2 internal angle. 
and a unisolvent set of degrees of freedom is given by
As with the local Poisson spaces, we may naturally decompose V m into vertex, edge and interior functions,
We clearly have
and dimension of the space V m ∩ H is suitably reduced by replacing V and E in (12), with the non-Dirichlet vertices V ⊂ ∂Ω D and edges E ⊂ ∂Ω D .
Remark 2.7. An obvious variant of the global space described above might include a mixture standard finite elements on triangles and/or rectangles throughout much of the domain, connected to the polygonal Poisson elements by matching polynomial basis functions along shared edges. The restrictions that a computational cell K is a polygon and that the boundary data is piecewise polynomial on ∂K may be relaxed as well, again provided that there is a convenient mechanism enforcing agreement at interfaces between elements. As will be seen below, the Nyström approach readily provides the flexibility to explore such variants.
Integral representations of functions in
V m (K).
Remark 2.8 (Polynomial Solutions of Poisson Problems with Polynomial Sources)
. Suppose that p ∈ P j (R n ) is homogeneous and of degree j, i.e. p(cx) = c j p(x), and define q ∈ P j+2 (R n ) by
where [j/2] denotes the integer part of j/2. It is shown in [31, Theorem 2] that ∆q = p. Now recall that v ∈ V K m (K) satisfies ∆v = p in K for some p ∈ P m−2 (K), with v = 0 on ∂K. So we see that there is a q ∈ P m (K) for which w = v − q satisfies ∆w = 0 in K, with w = −q ∈ P m (∂K) on ∂K.
A practical consequence of Remark 2.8 is that the computation of any function in
Let G(x, y) denote the fundamental solution for the Laplacian,
We may express the solution of (14) as a double-layer potential,
where the density φ satisfies the second-kind integral equation
Here and following, n = n(y) denotes the outward unit normal at y to the domain under consideration. The basic approach of this paper is to approximate w ∈ V m (K) via (16)- (17) by Nyström discretizations, as discussed in Section 3. In contrast, the BEM-FEM approach expresses w as a combination of single-and double-layer potentials,
where the density ψ satisfies the first-kind integral equation
If (17) and (19) are to be understood pointwise, then the left-hand side of (17) and the right-hand side of (19) must be modified at each corner z ∈ ∂K (cf. [34] ). For example, if the interior angle at z is απ, then (17) becomes
. (20) In practice, it is more convenient to use a modified form that provides a smoother integrand and does not require specific knowledge of the angle at z. In particular, if we take ∂K to denote ∂K without the corners, we have
Remark 2.9. The derivation of (18)- (19) from Green's formulas reveals that ψ = ∂w/∂n, so the solution of (19) directly provides a Dirichlet-to-Neumann Map g → ∂w/∂n. In contrast, the density φ in (17) is given by φ = v − g, where v is the unique solution of the complementary exterior Neumann problem
and v = o(1) uniformly in all directions as |x| → ∞. As with the discussion of singular behavior in V m (K) in Remark 2.5, the singular behavior of the densities φ, ψ near corners is well-understood. Let z ∈ ∂K be a corner with interior angle απ, and let x ∈ ∂K be near z. If α ∈ (0, 2) is irrational, we have
So ψ is expected to blow up near non-convex corners (α ∈ (1, 2)), and its tangential derivative is expected to blow up at convex corners (α ∈ (0, 1)). (b) φ(x) − φ(z) ∼ |x − z| σ −1 as |x − z| → 0, where σ = max(α, 2 − α) ≥ 1. So φ will be bounded at all corners, but its tangential derivative will typically blow up at each non-straight corner. In the case that w is smooth in K, the complementary v does not "inherit" any singular behavior from w via the Neumann boundary condition, and we have σ = 2 − α. In the case of rational α, logarithmic terms may appear in the asymptotic expansions of φ and ψ, but they are only the dominant terms in the expansion when: α = 1/2 for ψ, where we have ψ(x) ∼ |x − z| ln |x − z| as |x − z| → 0; or α = 3/2 and w is smooth, where φ(x) − φ(z) ∼ |x − z| 2 ln |x − z| as r → 0. In any case, φ is Hölder continuous.
A Hierarchical Basis for
, and a basis for P m (∂K) yields a corresponding basis for V ∂K m (K). In light of Remark 2.8, it is convenient to choose a basis for P m−2 (K) in terms of translated monomials, centered at some convenient point z ∈ K,
Such bases are naturally hierarchical in polynomial degree.
Given an edge e ⊂ ∂K, with endpoints z, z , we construct a hierarchical basis for P m (e) as follows. Let λ e z , λ e z ∈ P 1 (e) be the corresponding barycentric coordinates for e, defined by λ
, whereL j is the integrated Legendre polynomial of degree j (cf. [48] ). These are given in terms of the standard Legendre polynomials L i , with normalization
. We see that b e j (z) = b e j (z ) = 0, and a basis for P m (e) that is hierarchical in polynomial degree is {λ Given a vertex z ∈ V(K), the function λ z ∈ P 1 (∂K) is determined by the conditions λ z (z ) = δ zz for all z ∈ V(K); so λ z | e = λ e z if z is an endpoint of e. Clearly B 1 = {λ z : z ∈ V(K)} is a basis for P 1 (∂K). Each element b e j of B e m vanishes at the endpoints of e, so we continuously extend it by 0 to ∂K. Finally, a hierarchical basis for P m (∂K), is given by
3. Nyström Approximation Second-Kind Integral Equations
As was seen in the previous section, the computation of v ∈ V m (K) is reduced to the computation of a harmonic function w on K with prescribed Dirichlet data, and we opt to do so via second-kind integral equations. Nyström methods [42, 43] for second-kind integral equations, in their most basic forms, are derived by replacing the boundary integral with a suitable quadrature, and sampling the resulting equation at the quadrature points. The performance of the method is directly tied to the performance of the underlying quadrature, and we will briefly describe the version proposed by Kress [33] for problems of the sort that we here consider, after first looking more closely at the components of the integrand.
Recalling (21), for x ∈ ∂K near or at a vertex/corner z, we have
We note that F (x, y) = 0 when x and y are on the same (straight) edge of ∂K. More generally, for any fixed x ∈ ∂K, F (x, y) is a piecewise smooth function of y ∈ ∂K, with bounded jump-discontinuities at the corners of ∂K. In fact, for any x ∈ ∂K, F (x, y) is analytic in the interior of each edge. This is not to say that F (x, y) exhibits no difficult behavior: if x ∈ ∂K is very near (but not at) a corner z, then F (x, y) and its tangential derivatives in y are very large as y approaches z along the edge not containing x. More specifically, if x and y are on opposite straight edges sharing z, and the interior angle at z is απ then
where y is understood to approach z along the edge they share. For x ∈ ∂K we choose z = z(x) to be the nearest vertex in terms of distance along the boundary, breaking ties arbitrarily if x is at the midpoint of an edge. The fact that the integrand in (25) vanishes at y = z makes it easier to approximate the integral by simple quadrature. The basic quadrature employed by Kress [33] for f ∈ C[0, 1] is obtained by applying the uniform trapezoid rule after a sigmoidal change-of-variable,
where the transformation t = η(τ ) is given by
and p ≥ 2 is an integer. It is straight-forward to see that η has a root of order p at 0, and 1 − η has a root of order p at 1. A careful convergence analysis of this quadrature is given in [33] , showing that it is convergent on C[0, 1], and, for the kinds of integrands we encounter here, of increasingly higher-order in n as p is increased. If e is a smooth (curved) edge, with smooth parametrization x e = x e (t) satisfying |x e (t)| ≥ σ > 0, we have the quadrature where ω k = η (k/n) |x e (η(k/n))|/n and x e k = x e (η(k/n)). In the case of a straight edge e having endpoints z, z , these weights and points simplify to
Keeping a fixed n and p for all edges, we take a global enumeration of the quadrature points and weights (including vertices), {(x j , ω j ) : 1 ≤ j ≤ M = nN }. The Nyström linear system corresponding to (25) is given by
where x k = z(x i ) is the vertex nearest x i . The approximationw(x) ≈ w(x) for x ∈ K is given bỹ
We demonstrate the efficacy of the Nyström scheme in obtaining accurate approximations to solutions of a couple of example boundary value problems (14) that present challenges similar to those that arise in the construction of V m (K). In particular, these examples deal with regions that have multiple corners, so the corresponding densities φ exhibit singularities as described in Remark 2.9. In both cases a harmonic function w is given, and the (non-polynomial) Dirichlet data is taken from w. Relative and/or absolute errors in the Nyström approximation of w are given at several points in the interior of K for these examples, when n points are used on each edge and the parameter p = 6 is used for the quadrature. , and take w = ln |x −x|, wherex = (10, 0). Although w is smooth in K, the corresponding density φ will have singular behavior as discussed before. More specifically, ψ ∼ |x − z| 2/3 near each of the five corners z having interior angle π/2, and ψ ∼ |x| 2 ln |x| near the corner at the origin having interior angle 3π/2. In Table 1 , relative errors in the Nyström approximation of w are given at four points in K, and clearly demonstrate the high-order convergence as the number of points per edge increases, as well as the accuracy even when few points are used.
Example 3.2. Here we take K = K(α) = {x = (r cos θ, r sin θ) : 0 < r < 1, 0 < θ < απ} to be the sector of the unit circle with interior opening angle απ, and w = r 1/α sin(θ/α). This example provides a situation like many we expect to encounter in practice, where both φ and w have singular behavior near a corner. The interior angles at the other two corners, (0, 1) and (cos απ, sin απ), are both π/2. We consider the case K(3/2), a "circular L-shape". We have φ(x) ∼ |x − z| 2/3 near each of the three corners z. Since w = 0 at the origin, we provide both relative and absolute approximation errors at a few points near the origin. The results for K(3/2) are given in Table 2 . We again see similar high-order convergence. We consider some properties of the interpolation operator I m :
both theoretically and empirically. The interpolation operator I m may be decomposed in such a way as to correspond to the space decomposition
We have the obvious restrictions of these interpolation operators to a single element, and we use the same symbols to denote them. On a single element K, it is also convenient to use I Assuming that g is continuously differentiable along each edge of K, we see that, for any q ∈ P m (e), |g − p| H 1 (e) ∀e ∈ E(K) .
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Recalling our hierarchical basis (23) for P m (e), we havẽ
on e. This follows from the relations ∂b
Having computed I
∂K m u from (34), withg given by (35), we obtain
Finally, taking a translated monomial basis {p β ∈ P m−2 : |β| ≤ m − 2} of P m−2 , as in (22), and letting {ϕ β ∈ H 
Using (8), this system matrix is seen to be negative definite by (35) . If v is harmonic in K, then it can be well-approximated by functions in V ∂K m (K), because this space contains the harmonic polynomials of degree ≤ m, and these approximate general harmonic functions essentially as well as the entire space P m (K) does (cf. [37, 38] ).
Remark 4.2. Although (35) provides a exact expression for the coefficients c j ofg on e as an integral involving its tangential derivative, we found it more convenient for our interpolation experiments below to compute these coefficients in a different way. They were computed as the solution of a simple linear system derived by plugging the expression forg from (35) into the integral identities in (33) , with p being the Lagrange polynomials of degree ≤ m − 2 associated with the edge. The orthogonality relations for Lagrange polynomials leads to an (m − 1) × (m − 1) system matrix whose only non-zero elements are on the main diagonal and second lower-diagonal, and the righthand side is adequately addressed by quadrature. Example 4.3. To demonstrate the interpolation properties, we consider a numerical experiment and interpolate the function v(x) = sin(2πx 1 ) sin(2πx 2 ) over Ω = (0, 1) 2 on a sequence of uniformly refined meshes, see Figure 2 . The expansion coefficients are determined as described above. The volume integrals in (37) are realized by means of numerical quadrature. For this purpose, we split the element K into triangles by connecting the vertices V(K) with the center of mass. Afterwards, a 7-point Gaussian rule is applied on each triangle and the discrete functions in V m (K) are treated by means of Nyström approximations, see Section 3. The relative interpolation error is plotted in Figure 3 for the L 2 -as well as the H 1 -norm with respect to the maximal mesh size h max = max{h K : K ∈ T }. An optimal order of convergence is achieved. 
This function exhibits the typical singularity at the reentrant corner. For m = 1, we compare the L 2 -interpolation error for two families of meshes (see Figure 4) . The n th mesh, T n , of the first family consists of one L-shaped element, (−1/3, 1/3) 2 \ [0, 1/3] 2 , and 24n 2 squares of size (3n) −1 × (3n) −1 ; T n has (2n + 1)(12n + 1) + 1 vertices. The n th mesh, T n , of the second family consists of congruent squares such that its number of vertices, which is of the form (k + 1)(3k + 1), is as close as possible to (2n + 1)(12n + 1) + 1. The dimensions of V 1 (T n ) and V 1 (T n ) are clearly the number of vertices in the corresponding meshes. For all square elements in either mesh, the local spaces are the bilinear functions. If K is the L-shaped element in T n , then dim V 1 (K) = 6n + 2, and V 1 (K) contains functions having the correct singular behavior at the reentrant corner. We study the convergence of the relative interpolation error in L 2 (Ω) with respect to the number of degrees of freedom (DoF) for both families of meshes. The optimal convergence behavior for the second family of meshes for an arbitrary smooth function is O(DoF −1 ), but we neither expect or obtain that behavior for the given v, because of its singularity at the origin. In Table 3 , the relative interpolation error in the L 2 -norm is given for the two sequences of meshes with comparable numbers of degrees of freedom. Furthermore, the numerical order of convergence (noc) is given. This is an estimate of the exponent q in the error model CDoF −q . Since the function v has a singularity, the convergence slows down for the standard bilinear elements on the uniform sequence of quadrilateral meshes. But, the optimal order of convergence is recovered for the uniform sequence with a fixed L-shaped element, because the local space associated with that element contains naturally functions with the correct singular behavior near the corner.
Dirichlet Boundary Conditions, Curvilinear Elements
As suggested in Remark 2.7 and illustrated in Example 3.2, the Nyström approach for evaluating functions that solve local Poisson problems readily accommodates curvilinear elements and non-polynomial data. As such, curved boundaries or interior interfaces may be addressed more directly, without resorting to polygonal approximations of these curves or mappings from polygonal reference elements (e.g. isoparametric elements, cf. [9, 35, 47] ). Although the treatment of curved boundary and interior edges in our framework will be investigated more thoroughly in later work, we here provide some indication of how our approach may be used to address Dirichlet boundary conditions on straight or curved edges, after first making a few general remarks about necessary changes to the description of V m (K) that must be made to accommodate curved edges. We first remark that, if K is a not a (straight-edged) polygon, the definition of V m (K) must be either adjusted or properly interpreted. More specifically, if e is a curved edge of K, the defintion of P m (e), i.e. the polynomials of degree at most m on e, needs clarification. One fairly natural approach is to define P m (e) as the space of polynomials of degree at most m with respect to arc length on e. We will call this approach the Type 1 version of P m (e). In this case, dim P m (e) = m + 1. A potential drawback of this approach is that it does not generally lead to the inclusion P m (K) ⊂ V m (K), so we are not guaranteed the approximation quality of P m (K). A second approach to defining P m (e) for a curved edge e is to take it to be the trace on e of P m (R 2 ). We will call this approach the Type 2 version of P m (e). For the Type 2 version, we typically have dim P m (e) = (m + 2)(m + 1)/2, which leads to a larger space V m (K), but yields the desired inclusion
. When e is a straight edge, the Type 1 and Type 2 versions of P m (e) yield the same space. Note that one must revise the definition of the degrees of freedom associated with a curved edge in the Type 2 case. Basic differences between the two approaches to defining P m (e) are illustrated in Example 5.1. A thorough investigation of these two approaches, and of the practical and theoretical treatment of curved edges more generally, is a topic of subsequent work.
Example 5.1. Let K = K h = {x = (r cos θ, r sin θ) : 0 < r < h , 0 < θ < απ} for some fixed 0 < α < 2, with two straight edges and one curved edge e = {x = (h cos θ, h sin θ) : 0 ≤ θ ≤ απ}. We compare the two approaches to defining P m (e) in the case m = 1. For the Type 1 space, we have P 1 (e) = span{1, θ}. For the Type 2 space, we have P 1 (e) = span{1, cos θ, sin θ}. Natural bases for these two approaches are plotted in would expect, and undergo no qualitative changes as α varies. The Type 2 basis functions were chosen with respect to the endpoints and midpoint of the edge, such that each basis function has the value one at one of these three points, and the value zero at the two others. The qualitative behavior of Type 2 basis functions clearly depends on α here.
We now turn to the treatment of Dirichlet boundary conditions. Let K be curvilinear polygon such that ∂K D . = ∂K ∩ ∂Ω = ∅, and suppose we wish to prescribe boundary values g that are continuous and piecewise smooth on ∂K D . At this stage, we assume that any curved edges are contained in ∂K D ; so all interior edges are straight. We take g D ∈ C(∂K) to be g on ∂K D , 0 on edges not adjacent to ∂K D , and linear on edges adjacent to ∂K D . We employ the following local linear (and affine) spaces: for v ∈ H 2 (K). Though we are not guaranteed, and will typically not have, the inclusion P 1 (K) ⊂ V 1,g,D (K), we still desire such quadratic convergence with respect to h in practice. The experiments presented in Table 4 demonstrate this quadratic convergence in h for two smooth functions by considering ratios of successive errors as h is halved.
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